
I 
I 
I 
I 
I 
1 
I 
I 
1 
I 
1 
1 
I 
1 
I 
I 
I 
8 
I 

EDUCATIONAL MONOGRAPH 

prepared from 

Controller Design for Nonlinear Time-Varying Plants 

(NASA ACC. NO. N65-13960) 

bY 

Richard V. Monopoll 
University of Connecticut 

Storrs,  Connecticut 

H .  F .  VanLandingham 
Assistant  Professor of Electr ica l  Engineering 

and 
s W, A. Blaclwely/ 

Professor of Electr ica l  Engineering 
Virginia Polytechnic I n s t i t u t e  

March 1967 
’ Blacksburg, Virginia - 

NASA Office of Technology Ut i l i za t ion  
Contract NSR-37-002-045 

.J 
i 



FOREWORD 

This monograph w a s  produced a t  Virginia  Polytechnic  I n s t i t u t e  i n  a p i l o t  

program administered by Oklahoma S t a t e  University under con t r ac t  t o  t h e  NASA Off ice  

of Technology Ut i l i za t ion .  

of present ing  t h e  r e s u l t s  of recent  research i n  NASA Laborator ies ,  and under NASA 

con t rac t ,  i n  an educat ional  format s u i t a b l e  as supplementary material in classwork 

a t  engineering co l leges .  The monograph may r e s u l t  from ed i t ing  s i n g l e  t echn ica l  

r epor t s  o r  synthes iz ing  s e v e r a l  t echnica l  r e p o r t s  r e s u l t i n g  from NASA's research  

e f f o r t s .  

The program w a s  organized t o  determine t h e  f e a s i b i l i t y  

Following t h e  prepara t ion  of t h e  monographs, t h e  program includes t h e i r  evalu- 

a t i o n  as educat ional  material i n  a number of u n i v e r s i t i e s  throughout t he  country. 

The resu l t s  of these  ind iv idua l  evaluat ions i n  t h e  classroom s i t u a t i o n  w i l l  be  used 

t o  help determine i f  t h i e  procedure i s  a s a t i s f a c t o r y  way of speeding research 

r e s u l t s  i n t o  engineering education. 

ABSTRACT 

This monograph d iscusses  a technique t o  genera te  a c o n t r o l  s i g n a l  which fo rces  

the  s ta te  of a nonl inear  p l an t  t o  be c lose  t o  t h e  state of a re ference  model. The 

method is s u i t a b l e  f o r  a broad claee of nonl inear  p lan ts .  

placed on t h e  t i m e  of response due t o  per turba t ions  from equilibrium. 

Spec ia l  emphasis is 

ii 



1. 

2. 

Educat ional  level of t h e  monograph - Senior o r  beginning graduate  l eve l .  

P r e r e q u i s i t e  course material - Some in t roductory  modern c o n t r o l  theory including 

t h e  concepts of s ta te-space modeling, 

Estimated lecture t i m e  required - One hour. 

Technical  s ign i f i cance  of t he  monograph - The material presented i n  t h i s  mono- 

graph i l l u s t r a t e s  t he  power and v e r s a t i l i t y  of Liapunov's Second Method. Very 

l i t t l e  material is a v a i l a b l e  on the  Second Method appl ied t o  a design problem. 

The technique descr ibed he re in  is conceptually a very broad s o l u t i o n  t o  t h e  

c o n t r o l l e r  design problem. 

menting the  design cr i ter ia  as compared wi th  o the r  types of so lu t ions  such a s  

the  "on-line computer" c o n t r o l l e r .  

N e w  concepts o r  unusual concepts i l l u s t r a t e d  - This  technique represents  an 

extension t o  ideas  previously developed i n  re ference  3. 

How monograph can b e s t  be  used - 

3.  

4 .  

The main d i f f i c u l t y  seems t o  be  t h e  cost of imple- 

5. 

6. 

Following the  p re sen ta t ion  of mater ia l ,  t h e  class may b e n e f i t  from e i t h e r  

Synthesizing a c o n t r o l l e r  f o r  a p l an t  containing a type of non- 

l i n e a r i t y  d i f f e r e n t  than t h a t  of t h e  example, o r  

Comparing t h e  c o n t r o l l e r  developed i n  t h e  example wi th  t h a t  

developed by another  technique. 

(a )  

(b) 

7. 

8 .  

Other l i t e r a t u r e  of i n t e r e s t  t o  t h i s  sub jec t  is  l i s t e d  i n  t h e  bibliography. 

Note t o  I n s t r u c t o r :  

t h e  copies  intended f o r  s tudent  use. 

A l l  uncolored pages of the i n s t r u c t o r s  monograph are i n  
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CONTROLLER DESIGN FOR NONLINEAR AND TIME-VARYING PLANTS 

In t roduc t ion  

P r i o r  t o  the  las t  decade the  theory and techniques of c o n t r o l  engineers  were 

focused pr imar i ly  on t h e  design of c o n t r o l l e r s ,  o r  r egu la to r s ,  f o r  systems (p l an t s )  

which could be descr ibed by linear d i f f e r e n t i a l  equations.  

t r o l l e r ' s  func t ion  w a s  f u l f i l l e d  only over a c e r t a i n  range of opera t ion  s i n c e  a l l  

phys ica l  p l a n t s  are nonl inear  t o  some degree. 

amenable t o  being represented by a l i n e a r  model t h e r e  i s  conceptual ly  no d i f f i c u l t y  

i n  obta in ing  t h e  dynamic performance of t h e  system. However, t o  m e e t  t h e  demands 

of modern i n d u s t r i a l  automation as w e l l  as those of m i l i t a r y  and space systems, 

t h e  l i m i t a t i o n  of a l i n e a r  p l an t  has been removed from many t h e o r e t i c a l  approaches, 

thus increas ing  t h e  complexity of t h e  c o n t r o l l e r  design. 

As a r e s u l t  t h e  con- 

I n  t h e  sense  t h a t  t he  p l a n t  is 

This monograph presents  an  approach t o  the  c o n t r o l l e r  design problem f o r  t h e  

case  where the  type of non l inea r i ty  of the p l a n t  i s  known beforehand. 

i s  an a p p l i c a t i o n  of Liapunov's Second Method, and although a g r e a t  d e a l  has been 

w r i t t e n  concerning Liapunov's Second Method wi th  r e spec t  t o  s t a b i l i t y  problems, 

t h e r e  are notably few cases i n  which t h i s  powerful method has  been appl ied t o  engi- 

neer ing design problems. 

The technique 

Liapunov's Second Method 

The second o r  d i r e c t  method of Liapunov i s  concerned wi th  determining the  

s t a b i l i t y  of a d i f f e r e n t i a l  system without having t o  s o l v e  t h e  equations.  The 

conceptual technique a p p l i e s  t o  systems t h a t  may be  forced,  nonl inear ,  time-varying 

and/or s t o c h a s t i c  i n  na ture .  

poss ib le )  of a scalar-valued func t ion  of t h e  s t a t e -va r i ab le s  of t h e  system, which 

i s  analogous t o  t h e  t o t a l  energy of t h e  system. 

The method involves  t h e  cons t ruc t ion  (by any means 

I f  t h e  t i m e  d e r i v a t i v e  of t h i s  

1 
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Command 

- 
> 

Signal 

"energy" func t ion  is negat ive f o r  each value of t h e  s ta te -vec tor ,  then the  associated 

equi l ibr ium of t h e  system i s  s t a b l e .  

t h e  reader  is re fe r r ed  t o  Chapter 7 of Reference 1 . )  

(For a r igorous treatment of t h i s  material 

I 

X - U - X --d 
M O D E L  3 CONTROLLER > PLANT w > 

Plant 
O u t p u t  

A 

Problem Statement: (See Figure 1 )  

Given a non-linear p l an t  whose ( s ta te -var iab le)  desc r ip t ion  is known ( t h e  

allowable forms of t h e  non l inea r i ty  w i l l  be  made e x p l i c i t  in t h e  development which 

follows) and a model re ference  o r  idea l ized  system which w i l l  be assumed t o  be both 

l i n e a r  and passive. 

To synthes ize  a c o n t r o l l e r  which generates a s i g n a l  t o  fo rce  t h e  p l an t  s ta te  

toward t h e  model s ta te  with minimum convergence t i m e .  

- 
Fig. 1. System configurat ion.  

Synthesis  Technique: 

By assumption t h e  p l an t  may be character ized by t h e  s t a t e -va r i ab le  (vec tor )  

d i f f e r e n t i a l  equat ion 

- x =  f k , u , u ,  "* 9 -  Jn? t) 

where 

- u is t h e  con t ro l  s i g n a l  vector  and 

- x is  t h e  s ta te -vec tor  of t he  plant 
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Tho, presence Gf us.L A - i . - - * ~ - - - -  V a L ~ ~ ~ ~  of g a s  arguments o f f  allows f o r  t h e  p o s s i b i l i t y  

of p l a n t  "zeros". 

technique. 

Cer ta in  r e s t r i c t i o n s  on f w i l l  be  made as an outcome of t he  

Also by assumption t h e  i d e a l  system behavior may be descr ibed by 

% = A o % + B o ~  

where 

is t h e  s ta te  vec tor  of the  re ference  model, lrcl 
- r i s  t h e  command inpu t  vec tor  and 

A. and Bo are (n x n)  constant matrices. 

From Equations (1) and (2) an e r r o r  vector  

( 3 )  - e = % - E  

e x i s t s  which must be reduced t o  zero by a s u i t a b l e  c o n t r o l  s i g n a l u .  

Equation (1) from Equation (2 ) :  

By sub t r ac t ing  

= A. 2 + A s  - f (IC, 2, t )  f Bo ( 4 )  

Equation (4) is ,  then, a d i f f e r e n t i a l  equation f o r  t h e  e r r o r  vec to r  and Liapunov's 

Second Method, which dea l s  with t h e  s t a b i l i t y  of d i f f e r e n t i a l  systems, may be  

d i r e c t e d  toward maintaining t h e  "equilibrium", 2 = 0, asymptot ical ly  s t a b l e  i n  t h e  

l a rge .  

t h e  c o n t r o l  vec tor  

w i l l  r e t u r n  t o  t h e  equi l ibr ium state,  e =  2. 

I n  o the r  words, i t  i s  des i red  t o  develop a p r a c t i c a l  method of generat ing 

such t h a t  f o r  any non-zero va lue  of t h e  e r r o r  2, t h e  system 

A convenient s t a r t i n g  po in t  i n  t h e  syn thes i s  of t h e  c o n t r o l  s i g n a l g  is  t h e  

cons t ruc t ion  of a Liapunov func t ion  f o r  t he  d i f f e r e n t i a l  system i n  Equation (4). 



T V(=) = 2 P 2 

where P is a symmetric matr ix  t o  be determined. 

Taking t h e  de r iva t ive  of V with respect  t o  t i m e  

Subs t i t u t ing  from equation (4) : 

T T  T T T  = (g  A. + Z  A T  - - f T + +  B o )  P g  
0 

T + e  P ( A o e + A  - - f + Box) 

where 

4 

Thus t h e  equi l ibr ium, 2 = 0, w i l l  be asymptotically s t a b l e .  Consequently V w i l l  

be a Liapunov funct ion f o r  t h e  e r r o r  system described i n  Equation (4) if 

T 1. (Ao P + P Ao) - -Q is a negat ive d e f i n i t e  matr ix ,  and 

2. The con t ro l  s i g n a l 2  can be chosen t o  make t h e  mat r ix  M of Equation 

(6) non-positive. 

Condition 1 can be met by a proper choice of P since A. is t h e  s ta te  matrix of a 

s t a b l e  system by hypothesis.  

s a t i s f i e s  certain requirements and its form and bounds are known. The r e s t r i c t i o n s  

on t h e  type of n o n l i n e a r i t i e s  t o  be  allowed f o r  t h e  func t ions  f. are i m p l i c i t  i n  t h e  

method of choosing 2 such t h a t  M be a non-positive matrix.  

The second condi t ion can be met provided t h a t  f 

For t h e  case where 2 
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is actually l i ner ,  t h e  prccedure illustrated below, r equ i r e s  only t h a t  t h e  

c o e f f i c i e n t  of t h e  highest  d e r i v a t i v e  of b e  of one s i g n  and non-vanishing. 

Examp 1 e : 

To c l a r i f y  t h e  procedure of implementing condi t ion 2 consider a simple 

second-order nonl inear  time-varying plant  described by t h e  equation (see Figure 2) 

+ a ( t ) ( & ) 2  + k b x = k u -t k b r (7) 

Thus, t h e  non-l inear i ty  is square-law damping. The s ta te-space c h a r a c t e r i z a t i o n  

of Equation ( 7 )  is found by l e t t i n g  x = x and x 1 2 = 4 

- a ( t )  x2* - k b x1 + k u + k b r 1 - - f (5, 2, t)  = 

Assuming t h a t  t h e  r e fe rence  model equation is  

.. 
x + a  k + k x  = kor d o d  o d  

The e r r o r  equation becomes ( sub t r ac t ing  Equation ( 7 )  from Equation (8) ) :  

+ (ao - a ;)& + (ko - k b ) e  = (ko - kb) r  - ku 

Le t t ing  x = xd and x = kd f o r  t h e  s t a t e  model of Equation (8): 
d, d, I L 

(9 )  

By iden t i fy ing  matrices A and B from Equation (8'), a s u b s t i t u t i o n  may be made 

i n t o  Equation ( 6 ) .  Choosing Q diagonal.: 

0 0 

2 +(e) = +(el, e2> = qI1el + q22e22 + 214 

where 



I 
t 

and 

6 

I Therefore,  i f  a con t ro l  s i g n a l  u ( t )  can b e  generated t o  be  instantaneously equal t o  

I 
8 then c r i t e r i o n  2 concerning Equation (6) w i l l  be  s a t i s f i e d .  The block diagram f o r  

such a c o n t r o l l e r  is incorporated i n  Figure 2. 

Figure 3 i l l u s t r a t e s  t h e  e r r o r  vs. t i m e  of t h e  system of Figure 2 where r ( t )  is  t h e  

u n i t  s t ep .  

D 
The e r r o r  is seen t o  decay. I n  f a c t  t h e  e r r o r  i s  never g r e a t e r  than 

5% of t h e  model reference.  

I 
Convergence Time: 

I An estimate of t he  convergence time is  given by t h e  parameter 

I 
Therefore,  

where 

1 
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Figure 2:  
The p l a n t  (Eq.  7) i s  i l l u s t r a t e d  a t  top,  t h e  c o n t r o l l e r  
a t  bottom. 

T o t a l  system block diagram f o r  t h e  Example. 
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LEGEND 
k =1 
b= 1 
a(t) = sin t 

' Fig. 3. Computer s imula t ion  giving t h e  uni t -  
s t e p  response of t h e  example. 

From Equation (13) the  "energy" of t h e  e r r o r  system i s  decreased more r ap id ly  i f  

rl is  l a r g e .  However, rl is d i f f i c u l t  t o  compute, bu t  a r e l a t e d  parameter 

T T 

I T  
- - e (A: P + P A ~ )  e e Q e  

m 

V e Pe 

is  always less than o r  equal  t o  0 .  Also Q~ is  much easier t o  maximize. 

It is clear t h a t  t h e  r a t e  of convergence depends only on t h e  matrix P s i n c e  

A. is f ixed  by t h e  design spec i f i ca t ions .  

A conserva t ive  estimate of t h e  convergence t i m e  is  then given i n  terms of t h e  

c h a r a c t e r i s t i c  va lues  of t h e  matrices P and Q: 



= a 
The smal les t  eigenvalue - of Q 

o - The largest  eigenvalue of P 6 2 6  > 

9 

(is j 

I n  most cases t h i s  value of ct as a lower bound t o  t h e  convergence t i m e  TI is  too 

conserva t ive  t o  be of p r a c t i c a l  use. 

Summary: 

This  monograph has  presented a method which, although not o r i g i n a l ,  is an 

unusual u t i l i z a t i o n  of Liapunov's Second Method i n  a genera l  approach t o  t h e  

c o n t r o l l e r  design problem. As such, t h i s  paper i l l u s t r a t e s  t h e  power and versa- 

t i l l i t y  of t h e  Second Method which might no t  be  obvious t o  those only moderately 

f ami l i a r  w i th  t h e  concept. 

i nd ica t e s  two drawbacks t o  t h e  technique: 

On t h e  other  hand, a c l o s e  study of t h i s  material 

1) The most important drawback i s  the  need f o r  a l l  of t h e  p l an t  outputs  t o  

genera te  t h e  con t ro l  s igna l .  I n  higher-order systems these  de r iva t ives  

cannot be generated due t o  noise. 

2) I n  any p r a c t i c a l  s i t u a t i o n  i t  would be very d i f f i c u l t  t o  determine the  

ra te  of convergence t o  equilibrium i n  response t o  command s igna l s .  
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